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A REMARK ON
THE UNCONDITIONAL STRUCTURE OF L(E, F)

BY
CARSTEN SCHUTT'

ABSTRACT

We present a sequence of symmetric Banach spaces E,, n € N, with d(E,, I7),
n € N, unbounded and ubc(L(E%, E,)), n € N, uniformly bounded.

0. Introduction

In this note we consider the unconditional structure of the Banach space of
operators L (E, F) of two Banach spaces E and F with unconditional bases
{e:}i-1 and {f;}]*,, respectively. In [5] it was shown that the unconditional basis
constant ubc({e* ® f; };21) is, up to a constant, the same as lust(L (E, F)) and
gl(L(E, F)). The only known cases for uniformly bounded ubc(L (E, F)) were
described by the inequality [5]

ubc(L(E, F)) =min{d(E*, I3),d(F, 1)}

while assuming that ubc({e;}i-:) =ubc({f;}j~:)=1. On the other hand, using
results of [1] and [5] one gets that

ubc(L (E, F)) = C(log(n + m)) "min{d (E*, 1)", d(F, 15)""}.

The factor (log(n + m))™"” enters because in [1] Gaussian and not Bernoulli
random variables are considered. By a result of Lewis [2] it was suggested that
the factor may be dropped, namely, Lewis proved that

ubc(E @ E Q. Q. E)

k factors

tends with the number of factors k to infinity if and only if d(E, I7)> 1. We give
a counterexample.
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1. Preliminaries

We say that a Banach space E has a symmetric basis {e; }/-, if it is normalized
and we have, for all a €R", all permutations 7 of the set {1,---, n}, and all
sequences of signs ¢ = (&, ", &,)

n n
‘2 axer = ” 2 Elaﬂ(i)el
=] =1

We say a Banach space has a C-unconditional basis if for all a €R" and all

£ =(€Ia”'9£n)

We put ubc({e,}/-,)=inf C and

= C"i £ae
=1

ubc(E) = inf{ubc({e.}/~1)|{e: };-1 is a basis of E}.
The Gordon-Lewis constant gl(E) is defined by
gl(E) =sup{y(A)/m(A)| A € L(E, ')}

where v,(A) denotes the 1-factorizing norm and i (A) the 1l-absolutely
summing norm of A [5]. The Banach-Mazur distance of two Banach spaces E
and F is given by

d(E, Fy=inf{||J|[|J"")|J € L(E, F), J is isomorphism}.

By card M or [ M| we denote the cardinality of a set M. By [r] we denote the
smallest natural number greater than the real number r. By x*® y we denote
the operator mapping x onto (x*,x)y.

2. An estimate for ubc(L (E, F))
The estimate is an immediate consequence of two known results.

PROPOSITION 1. Suppose that {e.;}'-, and {f}>. are 1-unconditional bases of
the Banach spaces E and F, respectively. Then

g(L(E, F)) = C(log(n + m)) "’min{d(E*, I2)"”, d(F, I7)""}

where C is an absolute constant.
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Please note that lemma 5 in [5] says that under the same hypothesis of
Proposition 1 we have
ubc(L(E, F)) = min{d(E*, I7), d(F, I7)}.

Proor. First we prove that for some C ER

n,m
oS et
= Lj=)

M

n 172

Sk

< C(log(n + m))"? max{

Al

j=1

Indeed, we have for £ = (g, &; = =1, [1]

DR *®f'|!<2‘""‘2ll2w*®ﬁll

min

i(w)e’t ®f;"dw

ij=1

where g, 1 =i =n, 1 =j = m, denote independent Gaussian random variables.
By a result of Chevet [1] the last expression is less than a constant times

sup (S et 0F) " sup [ |3

Nl 1=k=mJ
K
2 g’
i=1

+ sup (Zl(f,, *)} supf l
fly=i=1 t=sk=nla

where g, 1=i=n, and g, 1=j=m, are independent Gaussian random

variables. Using the general fact

'dw

(w)f,| > o

and the same inequality for {e } }'-; we get for the last expression a constant times

172

suv(ZI(e.,xH) ;lklgm\/ﬁg_k“éf,”

Il

in2

* sup (2, '<ff’y*>'2) sup Viogk

k
et
=1

Since |[(e¥,x)|=1 and [(f,y*)|=1foralli=1,---,nandj=1,---,m we get
that
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nm

2

ij=1

ésup(gl l(e’f,x)l)m\/ﬁg_—,lz f:“

lxfi=1

-I—min
c™

te’f@f;“

1/2

+ sup (2|<fny >I) log

fly *l=1

S et

i=1

1/2

=Viogm “ +Viogn

From this (1) follows immediately. By [5] we have
gL (E, F)) = Jubc(let @},

1

>=

4

S v

By (1) we get for some C'>0

1/2 m

2

j=1

’

gi(L(E, F))= C'(log(n + m))™"* min{ et

1/2}

Using now the obvious inequality d(E*, I7) ={|=7_, e *| and the same inequality
for F we finish the proof. O

3. The example

We give the definition of the considered space. E, is the space R" equipped
with a norm defined for the vectors Zf_, e, where e, i =1, -- -, n are the natural
unit vectors, as

ki=1, kj«n:zk"; =12,
k
e
i=1
For the dual basis {e*};_; and all permutations = of {1,:--,n} we put
k
‘2 e :(i) =k
=1
Now we take the convex hull of

(G) M= HE

@

=gk)=] for ky sk <kj..

=1

_ej‘,(,«)l k =1,--,n, w is permutation of {1,---, n}]
i‘l
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as the dual unit ball. In particular, M is the set of extreme points of the dual unit
ball. We introduce the function r: {8,8°+1,---}—>N

4 r(k) = [log.log.log.log; k]

where the brackets mean to take the smallest natural number greater than or
equal to log.log.log.log. k. We observe the property

k rk)
’2 é; =C 2 €;
i=1 i=1

and for some absolute constant C.
By corollary 3 of [4] we have

n 172
|2
izl

and therefore d(E,, [}) tends with n to infinity. Nevertheless, we have the
following theorem.

5) fork =8,8+1,...

=V2d(E.,I)

THEOREM 2. There is an absolute constant C such that
ubc(L(E%, E.)=C.

For the proof we need two lemmas.

LEMMA 3. Let ¢ and r be as defined by (2) and (4) and let (a;)s-, be a
real-valued matrix with |a;|=1 foralli=1,--- kand j =1,---,1. Then there
are absolute constants C* and C so that for all |, k € N with C* =log;log, k =
l=k and

(©) k= p(k)o() X la |

we have subsets r(K) and r(L) of {1,---,k} and {1, - -, I} of cardinality r(k) and
r(1) such that

2 a,

ier(K)
JErL)

Y 21412

LeMMA 4. Let ¢ and r be as defined by (2) and (4) and let (a;)5-, be a
real-valued matrix. Suppose 1=1=log.log.k and

i
®) 1= 2' u|§5‘dlugl|aq| foralli=1,---,k.

l]‘



Vol. 39, 1981 UNCONDITIONAL STRUCTURE OF L(E, F) 21

Then there is a subset r(K) of {1, - - -, k} of cardinality r(k) and a sequence (g;);-
of signs such that

1
Z £iQij

j=1
i€r(K)

©) S lay|= CT’;)

iy=1

where C is an absolute constant.

ProoF OF THEOREM 2. We have to show that there is a constant C = 1 so that
we have for any matrix A = (a;)i;j-

n

Z *aze Qe

ij=1

n

2 * aye ® €;

ij=1

max

+

= C min
Obviously this is equivalent to showing for all matrices A

n
2 aije; ®e,-

ij=1

i ,a,'i,e,' ®e,' =C

ij=1

Without restriction of generality we may assume that ||Z};_,|a;]e Qe = 1.
Since the extreme points of the dual unit ball are of the form (3) we get for some
k,I, 1=k,l =n, and some subsets K,L of {1,---,n} with |K|=k, |L|=1

-1

) S lal
€K
JEL

1

2 et

i=1

k
= (l z et
i=1
Obviously we may assume that C* = = k for some C* € R. Now we consider
two cases. First, suppose log,log. k = I. Then, because of (10) the assumptions of
Lemma 3 are fulfilled. Thus we get by (10) and Lemma 3

(10) 1=

2 |aii le.- R e
ij=1

n k l
|3 trle @a =220 S 1o
e(k)e )
S ”
= CoerD) [0 ™ |
j€rL)
Because of (5) the last expression is less than
e (rk)e(r(l)) 1. " s
C f(k)r(l) ,‘.5,2((5; a;|= C i_,'Z:] a;ié; ®e, .
jer

Second, we have the case 1 = I =log.log, k. The condition (8) is fulfilled because
of (10). Therefore we may apply Lemma 4.
The computation is the same as in the first case. ad
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The following lemma is a consequence of a solution to Zarankiewicz’s
problem [3]. For completeness we give a short proof.

LemMMA 5. Let ¢ and r be as defined by (2) and (4). Suppose that 1=
log;log, k =1 =k and (a,)t-, is a 0,1-matrix with more than C(¢ (k) (1)) ki
ones. Then there is a constant C* = C*(C) so that for all k,1 € N with C* =k,
there is a submatrix of size r(k) by r(l) consisting entirely of ones.

PrOOF. We assume that (a;)i;-, has no desired submatrix and construct a
contradiction. We define

n, =card{j|a; =1}.

Obviously, we can choose in the ith row (., ) different subsets containing exactly
r(k) ones. Thus, for the whole matrix this makes 2!, (,&,). Clearly, since we
assume that there is no submatrix of size r(k) by r(l) containing entirely ones we
have

(11) '(’)< (k))ég (r(k))

On the other hand, by convexity and monotonicity of the function g(¢) = () and
by

2 .z Ckl(e(k)e (1) = Ch(p (k)™

we get

(12) ,Z(nlé))g (Ckr‘?fck))>

By (11), (12) and the inequality

n!

we get

__Lsi

(.__.__k_—)'(k)< 2C k 4y7(k)
0= )= \Chplo)y —r(y)  =@Ce D)

provided k is large enough so that Cke(k)“=2r(k). Thus

A

loglog, k =1 = r(k)(2Ce (k)™
or
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log.log:log, k =log.r(k)+ r(k)log.(2Ce(k)").

Considering the definition of r and ¢, (2) and (4), we conclude that this is
impossible. 0

PrOOF OF LEMMA 3. We introduce the following sets
N. ={@.pl2" zla,|>27"'}

for m with 0=m =log:4¢ (k)¢ () =vy. Thus we get by (6)

Kl U
2 2 lalz

oy NN, e(k)e(l) 2<P(k)<p(l) 2¢(k)e(l)

At least for one m, the sum 2, en,, |a, | is greater than or equal to the average:

o, a2 (log:Be (ke (1) 2¢(,f)’¢(,)zzc(¢(k’)‘;(,»z

for some C > 0. In particular, since |a,|=1foralli=1,---,k andj=1,---,1
we may assume without restriction of generality that

ki

card{(i, ) € N, | a, >0} = Cm-

Now we have by Lemma 5 that there is a constant C* so that for all k,/ € N with
C* =k, there is a submatrix of (a;)5-, of size r(k) by r(l) with 27™ = a, >
2 m”*l'

Thus, denoting the index sets of this submatrix by r(K) and r(L) we get

_rord) _rr) kL _r)r(l)
4'(K)Z'(L) %i = e(k)e(l) ki (p(k)(p(l) ki ”2‘ |ay|. a

ProoF oF LEMMA 4. By (8) we get

]
(13) ”‘kk—Z ul—Zla.,l foralli=1,--- k.

iLj=1

Therefore, for more than sk /¢ (k) numbers i, i =1,---, k, we have

i ki

(14) 2| a-,l—4k 2 lal.

If not, we have for more than k —3k/¢(k) numbers i, i =1, -, k
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and for the other numbers i, i =1,---, k, we have (13). Therefore we get a
contradiction:

2 ]ail|§ k_%—k—)—lk'l:ll 'Il é i‘k)ﬂ_)”z laii'

1
Ha) 2 el S el

Among zk/@(k) rows we find more than r(k) rows where corresponding
coordinates have the same signs. Indeed, since ! =loglog, k we have at most
log, k rows that have at least in one coordinate a different sign. Thus we have at
least ; k /(log, k)¢ (k) rows of the same signs. This number is eventually greater
than r(k). Therefore, choosing r(k) rows of equal signs with the property (14) we
get for a proper sequence of signs (&;)j-

1 k {
2 ,aul—4k'(k) 12] |au|— ;— Z £y

e k)j =
ier(K) i€r(K)
where r(K) denotes the index set of the submatrix. O
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